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Abstract

The speed prior Sga is a probability distribution over infinite binary sequences, favour-
ing those sequences that are efficiently computable with short programs. This prior was
introduced and shown to be computable in|Schmidhuber [2002]. However, questions
remain as to whether it succeeds at prediction or is efficiently computable. In this thesis,
we show that Sg,g is efficiently computable when predicting an efficiently computable
sequence, and bound its worst-case time complexity. We also introduce a new prior Sk;
and show that it makes few errors when predicting efficiently computable sequences,
but that it is not efficiently computable itself. Finally, we investigate a generalisation of
Skt in the reinforcement learning setting, and show that in certain cases it does very

well.
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Chapter 1

Introduction

In their famous textbook on the topic, Russell and Norvig [2009] define artificial intelli-
gence (Al) as the field that “attempts not just to understand but also to build intelligent
entities”. However, this definition does not tell us what constitutes intelligence. Russell
and Norvig give us four possible definitions:

e Thinking and reasoning like a human.

e Thinking and reasoning optimally, given what one knows.
e Behaving like a human.

e Behaving optimally, given what one knows.

We, like Russell and Norvig, concentrate on the fourth of these. A modification of this
definition has been put forward as the common factor in an attempted comprehensive
list of definitions of intelligence:

Definition 1.1 (Legg-Hutter intelligence (informal)). Intelligence measures an agent’s
ability to achieve goals in a wide range of environments [Legg and Hutter 2007].

As a formal framework to study intelligence, we consider two possible tasks:
sequence prediction and reinforcement learning. In the sequence prediction task, our
agent must predict a sequence that is stochastically generated independently of the
agent’s predictions. This essentially measures the agent’s knowledge of its environment.
However, our true interest is in reinforcement learning (RL), where an agent interacts
with the environment and receives rewards depending on what has happened in those
interactions. We encode the goals that we wish the agent to achieve in the rewards
that we give it, and ask that the agent receive as high a reward sum as possible [Sutton
and Barto 1998]. Although our main interest is in RL, seeing as it more obviously
tests intelligence as defined in Definition 1.1} we study sequence prediction since it is
simpler, and since we feel that learning one’s environment is a good sign that one can
act well in it.

Our general approach is a Bayesian one. The agent has some sort of probability
distribution P over history sequences that it might encounter, and after history #, the
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2 Introduction

probability that the continued history will be /' is given by Bayes’ rule:

)
P(K'|h) = i) (1.1)

One justification of this was given by Cox [1946]], who showed that if our beliefs in
propositions conditional on other propositions can be summarised in a function from
propositions to real numbers, and if this function satisfies certain plausible conditions,
then it is isomorphic to a probability functiorﬂ

Another justification is based on Dutch Book arguments, which suppose that one
values a bet that pays $1 if proposition S is true and nothing otherwise at $P(S), where
P(S) is one’s degree of belief in S. These arguments show that if one’s degrees of
belief violate the axioms of probability, then one would be willing to accept each of
a collection of bets which, when taken together, guarantee the agent a sure loss (see
Ramsey [1960, Chapter VII, Truth and Probability] and [Ieller [1973]]). This is clearly
problematicﬂ and gives us extra motivation to be Bayesian.

As is made plain by (1.1), the beliefs of the agent of what may happen next are
entirely determined by its prior probabilities P(/). We are therefore driven to wonder
how to set this prior. Occam’s razor gives us a guide: we should give high probability
to simple histories. However, we then need some definition of simplicity, or conversely,
complexity.

Kolmogorov complexity formalises our intuitive understanding of complexity. Rel-
ative to some programming language (or universal Turing machine), the Kolmogorov
complexity of string x is the length of the shortest program that prints x [Kolmogorov,
1965; Li and Vitanyi 2008]. Simple strings have Kolmogorov complexity that is shorter
than their length: for instance, any programmer worth their salt should be able to
write a short program that prints a string containing one million zeros. Structured
objects also have low Kolmogorov complexity: for instance, one short program can
print out arbitrarily many digits of 7r, which means that the digits of 7z have very low
Kolmogorov complexity. Conversely, for a long random string with no interesting
structure, the shortest program which prints the string likely needs to have the string
hard-coded in, and therefore the Kolmogorov complexity is slightly greater than the
length of the string.

In 1964, Ray Solomonoff came up with the idea of using a prior based on Kol-
mogorov complexity for sequence prediction [Solomonoff 1964a; Solomonoff 1964b].
The prior is defined thusly:

P(h) = Y p —length(p)

programs p that compute

11t is worth pointing out that Cox’s original proof was not entirely rigorous, but this has later been
fixed by additionally assuming a technical axiom that does not change the flavour of the result [Van Horn
2003; |Paris 2006, Chapter 3].

“The precise reason why it is problematic is something of a philosophical question. One could either
think that a Dutch-Bookable agent would in fact accept a Dutch Book, which would lose them money, or
that Dutch-Bookable beliefs motivate one to act in a knowably sub-optimal way, or that a Dutch-Bookable
agent evaluates identical bets differently depending on how they are described [Talbott 2015].



or, to use a more compact notation that we adopt for the rest of this thesis,

P(h) =Y 2717 (1.2)

p—h

Since 27* decays quickly with x, this sum is essentially dominated by the shortest
program, so P(h) ~ 2K or in other words, P is the probability distribution with
respect to which the optimal codelength for history / is the Kolmogorov complexity of
h [MacKay 2003} Section 5.3]. Another way of thinking about this result is that it gives
the probability of obtaining / if we write a program by writing down i.i.d. coinflips
(assuming that our programming language is in binary)

It turns out that a predictor using the Solomonoff prior does very well. If the
sequence is being produced by a deterministic program, then such a predictor only
makes a finite number of errors, bounded by the length of the program (multiplied
by a constant factor). If instead the sequence is stochastically generated according to
a computable probability distribution, Esg(t) is the expected number of errors the
Solomonoff inductor would make up to time ¢, and Eopﬁmal<t) is the expected number of
errors that the optimal predictor would make up to time ¢, then Esq)(t) — Eoptimal () =

O( Eoptimal(t))—in other words, Solomonoff induction does not make many more

errors than the optimal predictor. Furthermore, for any predictor, if E(t) is the number
of errors made by that predictor up to time ¢, then Esy(t) — E(t) = O(y/Esoi(t))—in
other words, no other prediction scheme beats Solomonoff induction by much [Hutter
2005, Section 3.4].

One can also consider a reinforcement agent that uses the Solomonoff prior. This
agent, typically called AIXIﬂ is defined and investigated in Hutter [2005]. Although the
sequence prediction results suggest that AIXI should perform well in any computable
environment, it was recently discovered that all of the known optimality properties
of AIXI are actually trivial or relative to the UTM used [Leike and Hutter 2015a].
Furthermore, we might wish that the agent’s value-to-go (that is, the weighted sum
of its expected future rewards) converges to the optimal agent’s value-to-go given
our agent’s history in every environment. This is the idea behind the condition of
weak asymptotic optimality. Unfortunately, it has been proven that AIXI fails to be
weakly asymptotically optimal, even though weakly asymptotically optimal agents
exist [Orseau 2013; Lattimore and Hutter 2011)]. Therefore, although AIXI's optimality
properties are trivial, its suboptimality properties are non-trivial. It does, however,
have one desirable property: it is self-optimising in environment classes where any
agent is self-optimising, if it is told that it is in that environment class. That is to say, if
it is told that it is in one of a certain class of environments, and there is some agent such
that that agent’s value-to-go converges to the optimal value-to-go in each environment

30ne small problem with Equation is that it is not actually a probability distribution—the sum of
the probabilities of continuations of & is actually less than the probability of /. Instead, we are dealing with
a more general object called a semimeasure, from which we derive almost all of the utility of probabilities.

“The Solomonoff prior is often written as &. Therefore, an agent using the Solomonoff prior is an Al
that uses &, or AI&, or AIXI.



4 Introduction

in the class, then AIXI's value-to-go also converges to the optimal value-to-go in each
environment in the class, if it initially conditions on being in that class. In other words,
the only way that AIXI can fail to have its value-to-go converge to optimum is for this
to be impossible. Furthermore, this is a non-trivial optimality condition: environment
classes where AIXI would be self-optimising exist, and include the interesting cases of
ergodic Markov decision processes (that is, those where the agent knows what state
of the environment it is in, and the probabilities for the next environmental state and
reward depend only on the previous state and the agent’s previous action) [Hutter
2005, Theorem 5.34].

Unfortunately, the Solomonoff prior is incomputable [Hutter 2005, Theorem 2.23].
This is essentially because to compute P(h), we must know which programs print /1,
which requires a solution to the halting problem. We therefore cannot use Solomonoff
induction to predict the weather or election winners.

In Schmidhuber [2002], a variant of the Solomonoff prior is introduced, called the
speed prior. Instead of being based on Kolmogorov complexity, it is inspired by the Kt
complexity measure, defined by

Kt(x) := min{|p| + log(t) | p is a program which prints x,
and f the time it takes for p to print x}

Therefore, we penalise programs not just for being long, but for their time inefficiency.
This has the desirable property of being computable: intuitively, the reason that we
could not compute the Solomonoff prior was because there were short programs which
take a long time to print the object whose prior we are computing, and therefore we
cannot tell whether to include them in our sum by simply waiting for some known
length of time. However, these programs are essentially irrelevant to the speed prior,
precisely because they take so long to compute.

Schmidhuber [2002] claims that this prior makes optimal predictions if our universe
is a simulation run on some universal Turing machine, and derives some intriguing
conclusions for physics from this assumption. However, we were unable to find
in the literature any theorems about the performance of the speed prior in general
environments, or about its computational complexity. In this thesis, we remedy this

&ap-

1.1 Thesis outline

In Chapter 2, we give a technical background to the fields of algorithmic information
theory, Solomonoff induction, and reinforcement learning, providing context for the
work of our thesis, before giving the definition of the speed prior in Schmidhuber
[2002], which we call Sgag (for reasons which become clear in that chapter).

These preliminaries being out of the way, we introduce our own speed prior Sk;
in Chapter |3, show that it also has the properties that make Sg,st a speed prior, and
rewrite both priors in ways that demonstrate their similarities and differences.

After defining the speed priors, in Chapter 4 we prove error bounds for Sk;-based
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sequence prediction. Although we prove results for general stochastic sequences, the
‘headline’ result is that when predicting polynomial-time computable sequences, the
Ski-based predictor only makes logarithmically many errors.

We next tackle the issue of computational complexity in Chapter 5, where we
show that no approximation to Sg;(x) is computable in polynomial time, although
approximations are computable in doubly-exponential time—that is, 22000 SFast,
however, does exponentially better, being computable in exponential time. We also
show that these upper bounds reduce by an exponential factor when we are predicting
a polynomial-time computable infinite string: that is, for prefixes of this string, Sk; is
computable in exponential time, and Sg,gt is computable in polynomial time.

Moving away from the realm of sequence prediction, in Chapter 6| we investigate
a Bayesian reinforcement learner with a prior based on Sk, and show that in certain
environment classes it is self-optimising.

Finally, in Chapter[7, we conclude, summarising the thesis and indicating possible
avenues of future research. Appendix[A]gives a list of the meanings of notation used
throughout the thesis.
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Chapter 2

Technical Background

2.1 Turing machines

Turing machines provide an idealised version of a computer. The basic idea is that the
computer has some number of input tapes, some number of working tapes, and one
output tape. The one-dimensional tapes are infinitely long, and are divided up into
squares. Above each tape is a read /write head, which can read what is on the square
it is over (unless it is over the output tape), write a possibly different symbol on the
square (unless it is over one of the input tapes), and move from square to square. The
machine also has an internal state, and a transition function, which takes the current
state and symbols under the current heads, and returns an instruction to (possibly)
write a symbol on the output tape, move the each head left or right, and change state.
There is also a halting state, from which the transition function always does nothing
and returns to the halting state, representing the ending of a computation. For a formal
definition, see [Hopcroft et al. 2001, Section 8.2].

There are three types of Turing machine that we are concerned with. The first is
a monotone machine: this has one input tape, and along both the input tape and the
output tape, the head may only move in one direction (without loss of generality, we
specify that it moves left to right). We say that a monotone machine T computes string

x on input string p, and write p Loy ifT prints all of x when the input begins with p,
and if when the last symbol of x is output, the input head has read all of p but no more.
In particular, we do not require that the machine halt after printing x. This is the type
of machine that we are typically concerned with.

The second type of machine, which as far as we know is unique to this thesis,
we call a mixed-input machine. This machine has two input tapes, and similarly to
monotone machines, along the input and output tapes, the head may only move right
to left. We say that a mixed-input machine T computes string x on input tuple of strings

(p,q), and write (p, q) LxifT prints all of x when the input on the first tape begins
with p and the input on the second tape begins with g, and if when the last symbol of x
is output, the input head on the first tape has read all of p but no more, and the input
tape on the second head has read some prefix of 4. Intuitively, the first input tape acts
as it would in a prefix machine, and the second tape provides side information, which
the machine does not have to use all of. We only use this type of machine in the context

7



8 Technical Background

of providing a formal definition of reinforcement learning environments.

The third type of machine is a prefix machine, which operates much like a monotone
machine, except that we say that a prefix machine T computes string x on input p if T
prints all of x and then halts having read all of p but no more. This type of machine,
although typically used in the literature, will not be used much in this thesis.

Because we can encode all the details of a monotone or mixed-input Turing ma-
chin in a finite binary string, there are only countably many, and we can therefore
effectively enumerate them, writing each Turing machine as T; for some i € N. This
means that there is a universal Turing machine (UTM).

Theorem 2.1. There is a prefix-free coding (i) of the natural numbers and a universal

monotone Turing machine Upen such that p L> x if and only if (i)p h) x, and Umon

halts after printing x on input (i) p if and only if T; halts after printing x on input p.
Umon prints nothing given input that does not start with (i) for some i. The time it
takes Umon to output x on input (i) p is only polynomially larger than the time it takes
T; to print x on input p.

Also, there is a universal mixed-input machine Upnix such that (p, q) L xifand
only if ((i)p,q) Hmix, 5 and Upix halts after printing x on input ({(i)p, q) if and only if
T; halts after printing x on input (p, ). Umix prints nothing given input whose first
tape does not start with (i) for some i. The time it takes Umon to output x on input
((i)p, q) is only polynomially larger than the time it takes T; to print x on input (p, ).

For proof, see Hopcroft, Motwani, and Ullman [2001, Section 9.2]. Throughout this
thesis, we refer to the universal machine of each type as U, and trust the reader to infer

which it is from context. We also typically write p — x for p Y, x, since we are usually
interested in the behaviour of the universal machine.

We write the set of binary characters as B, and for any alphabet X', we write the set
of strings of length 7 in that alphabet as X", the set of finite strings in that alphabet as
X", and the set of infinite strings in that alphabet as X'*°. A finite string of arbitrary
length is written as x, the nth symbol of x is written as x;, the concatenation of finite
string x with the possibly infinite string y is written xy, x;x denotes x;x;1 - - - X, X<¢
denotes x;.x_1, and an infinite string is written x1.o. If kK > ¢, x¢; := €, the empty string.
All of our monotone Turing machines only read and write binary characters. Our
mixed-input Turing machines read inputs (p,q) € B* x A*, where A is some arbitrary
finite alphabet, and output symbols in £, another arbitrary finite alphabet.

Also, throughout this thesis, if we have functions f, g : N — R, we write f < gif
f(n) =0(g(n)),and f = gif f < gand g < f. For functions f, g : B* — R, we write
f < g if there exists some constant ¢ > 0 such that for all x € B*, f(x) < cg(x), and
fEgiff <gandg<f.

1That is, its number of tapes, number of states, number of symbols, transition function, and initial
state.



2.2 Algorithmic information theory 9

2.2 Algorithmic information theory

Algorithmic information theory formalises the concept of ‘simplicity” and ‘complexity’
of strings. The intuition is that simple strings should have a short description, or more
specifically, have a short program that prints them. This is formalised in the definition
of prefix Kolmogorov complexity, relative to Turing machine T:

Definition 2.2 (Prefix Kolmogorov complexity).
Kr(x) := min{|p|: p L x, and T halts immediately after printing x}
p

That is, it is the shortest program that prints x on prefix machine T.

We can also consider prefix Kolmogorov complexity relative to the universal ma-

chine U. Since p Ty x with T; then immediately halting if and only if (i)p — x with U
then immediately halting, Ki;(x) < Kr,(x) + |(i)|. Therefore, complexities are almost
lowest when measured on the universal Turing machine, but for an irrelevant additive
constant. Furthermore, if there are two universal Turing machines U; and U,, using
two different codings of the natural numbers, then |Kyy, (x) — Ky, (x)| < ¢ [Kolmogorov
1965].

Two variants of Kolmogorov complexity are be relevant in this thesis. The first
variant is monotone Kolmogorov complexity, which refers to computation on monotone
Turing machines [Levin 1973]:

Definition 2.3 (Monotone Kolmogorov complexity).
. T
Kmy(x) := mpm{|p| ip— x}

The second is Kt complexity, and is more significantly different. The intuition
behind it is that if it is difficult to compute an object—that is, if requires much compu-
tation time—then the object is not simple, even if it has a short program. This can be
formalised as [Li and Vitanyi 2008, Definition 7.5.1]

Definition 2.4 (Kt complexity).

Ktr(x) :== min{|p| + logt(T,p,x) : p L x, and T takes t(T, p, x) steps
P
to print x on input p}

log refers to the base 2 logarithm. We write In for the natural logarithm.

With all complexities, for the rest of the thesis we take them with respect to the
universal machine U, and write K = Ky;, Km = Kmy, and Kt = Kt;;. We also write
t(p,x) :=t(U,p,x).

Kt complexity is distinct from the others not only because it takes time into account,
but also in that it is computable (a proof of which is deferred until Section2.6), while K
and Km are not [Hutter 2005, Theorem 2.13].
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2.3 Solomonoff induction

Solomonoff induction is a method of sequence prediction that uses the Solomonoff
prior, a probability distribution over sequences over a finite alphabet [Solomonoff
1964a]. The Solomonoff prior weights sequences with short programs more highly, and
Solomonoff induction predicts the most likely continuation of the sequence seen so far
with respect to the prior.

A probability distribution over sequences is a function P that takes a finite string,
and returns the probability that the finite string is a prefix of the whole sequence.
Intuitively, this function should satisfy P(e) = 1, where € is the empty string, and
P(x) = Ypep P(xb) for any finite binary string x. If P does satisfy these conditions, we
call it a probability measure. However, we have to deal with objects that are slightly
more general than measures:

Definition 2.5. A semimeasure is a function P : B* — R which satisfies

P(e) =1and P(x) > ) P(xb)
beB

A semimeasure can be thought of as a defective probability measure, which loses
probability mass as the sequence gets longer and longer. Alternatively, it can be
thought of a normal probability measure that puts positive probability on the sequence
ending. Apart from ‘named’ semimeasures like the Solomonoff prior, we usually write
semimeasures with Greek letters such as pt (which we reserve for the ‘true” semimeasure
of the environment), v, and p.

Like probability measures, we can conditionalise semimeasures on strings, and
write

v(xly) =

Note that this conditional is not defined if v(y) = 0.

With this out of the way, we may define the Solomonoff prior.

Definition 2.6 (Solomonoff prior).

M(x):= Y 27l

p:p—x

We claim that M is a semimeasure. Firstly, ¢ — ¢, so M(e) = 2° = 1. Secondly,
for all p such that p — xb, where x € B* and b € B, there is some prefix ¢ C p
(from here on, we write g C p to mean that g is a prefix of p, and g4 C p to mean
that g is a proper prefix of p) such that g — x. Furthermore, if p — xb, then for no
p' such that p C p’ is it the case that p’ — xb’ for some V' € B. Therefore, if g — x,
{p:gC pand 3b € B: p — xb} is prefix-free, and this remains true if we take the set
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of P(jg+1):|p|, Wwhere we delete the prefix g from each program. This lets us compute

Y Mxb)=Y Y 27

beB beB p:p—xb
q-9—2%, beB p:gCp,p—xb

JbeB,peB*:p—xb

_ y >—lal y 2= PUaypi]

q:q—x, :qCp,dbeB:p—xb
IbeB,peB*:p—xb =P P

< Y 2~ 2.1)
q—x,
IbeB,peB*:p—xb

where we use the Kraft inequality for (2.T).

It is worth noting that, since the function 27 decays so quickly, M(x) ~ 2~ Km(¥),
relating monotone Kolmogorov complexity and the Solomonoff priorﬂ

There is also a completely different definition of the Solomonoff prior. To give it,
though, we must first go on a slight tangent.

Definition 2.7. A function f : B* x N — R s finitely computable if there is some prefix
Turing machine T that accepts a prefix coding of x € B* followed by a prefix coding
of k € N as input, and outputs a prefix coding of n € Z followed by a prefix coding
of d € N such that n/d = f(x,k). In cases like this, we simply say that T computes
f(x, k).

A function f : B* — R is lower semicomputable if there is some finitely computable
function ¢ : B* x N — R such that for all x € B*, limy .o, ¢(x, k) = f(x), and
o(x, k) < p(x,k+1).

Intuitively, if f is a lower semicomputable function, then we can get an increasingly
good approximation of f(x) from below, but we do not necessarily know how good
our approximation is.

We next state a useful theorem:

Theorem 2.8. v is a lower semicomputable semimeasure if and only if there exists
some monotone Turing machine T such that

v(ix)= ) 2 Ipl

p:plhc

We say that v is generated by T.

2However, this should not be taken literally, since although 2 —Km(x) % M(x), M(x) #
02~ Km(x)) [Gécs 1983].
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For proof, see Li and Vitanyi [2008, Theorem 4.5.2]. This in hand, and writing Mjsg
for the set of lower semicomputable semimeasures, we now show a rather different
way of writing M:

Theorem 2.9.
M(x)= ) wyv(x)
veEMiss
where
Wy = Z 21|
i: v is generated by T;
Proof.
M(x) =Y, o
p:p%x
=y Y 2=l
ieN q:(i)g—x
:Zz—|<i>| Z >—ldl
ieN

T
q:q—>rx

= Z Z 2101y (x)

vEMigs i:vis generated by T;

= Y wv(x)

veEMiss

This property of the Solomonoff prior, that it is a mixture over all lower semicom-
putable semimeasures (which, in practice, contains all probability distributions that we
might care about learning), is actually what is used to show its optimality properties.

Suppose that we have some loss function ¢(x;, y;) which represents the loss that
our predictor incurs when predicting y; if the actual next symbol is x;. We define
the A, predictor as the predictor which, at each timestep, minimises v-expected loss,
predicting

Av Pp— 1
vy = argmin Y v(x|x<)(xs, yt)
yteB xteB
where the symbols previously seen are x; := x1._1. If v(x<;) = 0, we let A, predict
an arbitrary symbol. We would like our predictor to have low u-expected total loss,
where p is the true distribution of outputs. Up to time 1, we write this total loss as

3 (xt,ypv)]

Ay
Ly =E,

We may now state our first optimality theorem for Solomonoff induction:
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Theorem 2.10.
LM — Lyt <O ( L,?;;)
and for any predictor A,
Ly — L), <O < Ln/\ﬁﬂ>
In particular, if u is deterministic, Aps only incurs finite loss.

For a proof, see Hutter [2005, Theorem 3.48]. This theorem essentially shows that
Solomonoff induction does not do much worse than ideal prediction, and that no
predictor does much better. Note that if we let £(x;,y;) = 1 — 8y,,4,, then the loss
incurred by the predictor is simply the number of errors it makes, so the loss bound
has an error bound as a special case.

We also have a Pareto optimality result for Solomonoff induction:

Definition 2.11. Let F(u, v) be a performance measure of priors v in environments p
that we wish to be as small as possible. We call prior v Pareto optimal in environment
class M if there is no prior p such that for all p € M, F(u,p) < F(u,v), and for at
least one u € M, F(u,p) < F(v,v). In other words, there must be no prior that is at
least as good as v in all environments in M and better in one.

Theorem 2.12 (Pareto optimality of Solomonoff induction). M is Pareto optimal in
the class of lower semicomputable semimeasures other than M with respect to the
following performance measures:

se(u,v) = Z ((xefxar) — V(?Ct|x<t))2

Xt

Suk,v) = Ey Zn: stk V)]
=1
B p(xe[x<t)
di(w, v) = ; p(xe|x<t) In W

D=

Dn(“/ V) = ]EH dt(“r V)]

t

li(n,v) =E, _E(xt,yf\v) | x<f}

I
—_

Ly(uw,v)=E, tilt(ﬂr V)]

For proof, see[Hutter [2005, Theorem 3.66]. Note that the theorem as stated there
refers to priors &y = Yy e A Wy V being Pareto optimal in M. It would therefore apply
to Mg, in our case, which is trivial, since M € Msg, and presumably the predictor
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that uses M performs the best in environment M. However, we note that

M(x)= ) wyv(x)
veMigs
= wyM(x) + ) w,v(x)
vEMiss\{M}

= ¥ W

veMiss\ (M} 1 T @M

Therefore, we can write M as a mixture of measures in Myss \ { M}, which lets us
apply the theorem.

24 Reinforcement learning

In reinforcement learning, an agent interacts with the environment in cycles: the agent
takes some action, and the environment gives the agent some percept and reward. The
aim of the agent is to maximise the amount of reward that it receives, and to have some
strategy to do this with no prior knowledge of the environment.

More precisely, our setup is the agent model, as defined in [Sutton and Barto 1998,
Chapter 3]. We have an agent situated in an environment, interacting in cycles. In cycle
k, the agent outputs some action a; € A, which the agent can choose however it likes,
and the environment outputs some percept e, € £, which can be decomposed into an
observation o € O and reward r, € R C [0, 1].

The agent is defined by a policy 77 : (A x £)* — A that determines the action that
the agent takes given the prior history.

To explain how we define the environment, a new definition is required.

Definition 2.13. A conditional semimeasure is a function v : £* x A® — R such that for
all action sequences a1.,

v(ellaroo) = 1and v(ers|[a1:00) = ) v(ersers1]|a1:00)
er1€E

" . . o - ,
A conditional semimeasure is chronological if v(ei.¢||a1.00) = V(e1:]|a]..,) Whenever
a1 = a}.,. Therefore, if v is a chronological conditional semimeasure, we may write
v(e1:||a1:00) simply as v(e1.||a1x) for any k > t. We conditionalise on chronological
conditional semimeasures, writing

V(elthalzoo)

V(ek:t|e<k||a1:oo) = V(@ kHal )
< 100

The environment is defined by a chronological conditional semimeasure p. This
semimeasure gives the probabilities of the environment’s responses given some action
history, and the chronological condition guarantees that the environmental response at
time t does not depend on actions performed after t. Also, for convenience, we write
an element of (A x £)* as a1 := aje1aze; - - - ayey.
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The interaction could either last for a finite time, or for an infinite time. In the finite
case, we wish to judge the agent by its expected total reward. There are two ways of
doing this: one takes expected total reward over all histories of length m, where m is
the lifetime of the agent. This would give

Vlnnﬂj = Z(Tl +-- rm)“(el:mHul:m)

€1:m

where a; = (e ).
In the infinite lifetime case, we let the agent look 1 timesteps ahead at time k. So,
at each timestep k, it has some policy 7, which would have value

Vkﬁ;’; = Z (rk ot rmk)“(ek:mk|e<k| |a1:mk)

ek:mk

where for t > k, a; = m(a<;) (note that V¥ actually depends on the interaction
history a4, a dependence which we omit for succinctness). This agent acts according
to 71 at time k, and plans to do so in the future, but at time k + 1 it will act according
to 741 which may be different to 7—in particular, if the agent chooses the policy
which maximises V]:;’;: for some chronological conditional semimeasure v, this may be
different for each timestep k if some actions receive high enough reward between
and my, 1. Therefore, V,Zt n’;f: represents the value the agent would receive if it stuck to its
plan, rather than the value the agent actually does receivelﬂ

A different approach to working with agents with infinite lifetime is to discount
reward received at timestep k by some factor yy, so that Y72 ; vx < oo. This gives a
value function

1 .
Viy = 1 lim Y v+ A Vit m) (e e <kl [a1:m)

m—r00
k Llem

where a; = 7(ae<;) and Ty = Y22, 4. This scheme, with y; = y* for some y € (0,1), is
most typically used in reinforcement learning, since it looks at the entire performance
of the agent and does not incentivise agents to switch policy [Sutton and Barto 1998],
but we do not use it much in this thesis.

2.5 AIXI

AIXI is a reinforcement learner that is based on an analogue of the Solomonoff prior
for chronological conditional semimeasures:

Definition 2.14 (Solomonoff conditional semimeasure).

M(ers|laree) == Y, 2717

p:(p,are)—ers

3Note that this requires a broadening of the notion of an agent to a family of policies, one at each
timestep.
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Note that we use the same symbol for the conditional semimeasure M(e1.t||a1.0) as for
the semimeasure M(x). This should not be too confusing, since we typically include the
arguments to each function, and they are used in different contexts (M(x) in the context
of sequence prediction, and M(e1||d1.00) in the context of reinforcement learning).

We claim that M is a chronological conditional semimeasure. Firstly, it is clear that
M(e1:¢||a1:00) only depends on a1.;. Secondly, since (€, €) — €, M(€l|a1.00) = 1. Thirdly,
if (p,a14) — ey, then by our definition of computation on mixed-tape machines,
(p,a1.441) — €1, so the rest of the proof goes identically to that of proving that the
Solomonoff prior is a semimeasure.

Next, we give two theorems that closely relate our theory of chronological condi-
tional semimeasures to that of plain semimeasures:

Theorem 2.15. The function v is a lower semicomputable chronological conditional
semimeasure (LSCCS) if and only if there exists some mixed-input Turing machine T
such that
v(ert||a1:00) = Z 2 1Pl
p:(p,al:t)l)ﬁ:,

We say that v is generated by T.

Note that for this theorem to be rigorous, we must think of the input to v as
actually being a1.; and extend our notion of lower semicomputability to functions
(A x €)* — R. The proof is essentially identical to that of Theorem 2.8

Theorem 2.16. Let Migccs be the class of lower semicomputable chronological condi-
tional semimeasures. Then,

M(elthal:oo) = Z wvv(elthal:oo)

ve€Misccs

where
Wy = Z 2= 10|

i: v is generated by T;

Again, the proof is essentially identical to that of Theorem

We define AIXI as the policy which maximises V{Tniw or V,:r r’;iw In the finite lifetime

case we write it as 7, and in the infinite lifetime case we write it as 77! at timestep

k. Given the success of Solomonoff induction, we might suspect that AIXI performs
well in all environments in Mjgccs. Indeed, we can use the Solomonoff prediction
results to show that AIXI capably predicts the next percepts along its action history.
However, this does not suffice: for good performance, the agent needs to predict what
will happen given actions that the agent may not take.

AIXI is known to be Pareto optimal: that is, there is no policy that does at least
as good as AIXI in all environments in Mygccs \ {M} and strictly better in one, as
measured by total value gained [Hutter 2005, Theorem 5.23]. However, it was recently
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proved that any policy is Pareto optimal in Mjsccs \ { M}, rendering Pareto optimality
trivia]ﬁ [Leike and Hutter 2015al.

Furthermore, AIXI is non-trivially sub-optimal. We might wish that for every
environment p where the agent has discounted infinite lifetime, the future value of
agent 7t converges to that of the optimal policy 7* given the interaction history of 7,
meaning that as time goes on, the agent makes fewer and fewer mistakes:

. 7'[““ qn _ . “qe
Yu € Misccs klggo (ka - ka ) = 0 with p-probability 1 (2.2)

We might settle for this convergence ‘on average”:
1 . o s
Vi€ Misces lim £ )" (VW M VJ) — 0 with p-probability 1~ (2.3)
o0 %=1

Note that the probability quantifiers refer to the environmental sequence, which affects
the agent’s actions. In|Lattimore and Hutter [2011], it is shown that no agent satisfies
[2.2), but that some agents satisfy (2.3). However, AIXI does not satisfy when
the discounting is computable: in some bandit-like environments, it stops exploring,
causing it to be non-trivially sub-optimal by this measure [Orseau 2013].

However, a generalisation of AIXI does have non-trivial optimality properties. For
any class of environments M, we can define the Bayesian mixture

Em = Z w,v where w, > 0, Z w, <1
veM veM

This generalisation proves to have an interesting optimality property in some environ-
ment classes.

Definition 2.17. In the finite lifetime setting, a sequence of policies 71, is self-optimising
in environment class M if forall v € M,

. 1 TtV 1 v\ __
T%grolo (mvlm _% 1m =0

That is to say, the average reward of 71, approaches the average reward of 77" as the
lifetime approaches infinity.

In the discounted infinite lifetime setting, a policy 7 is self-optimising in environment
class M if forall v € M,

kli}rglo (V,Zyv -V V) = 0 with v-probability 1

That is to say, the value-to-go of 7 almost surely approaches the value-to-go of 7
(given the action history of ) as time goes to infinity. Note that these two definitions
are analogous, since V"V € [0, m], while V,g/" € [0,1]. In other words, in the finite

4In fact, the theorem showed that Pareto optimality was trivial in any environment containing all
POMDPs. POMDPs, or Partially Observable Markov Decision Processes, are defined in[Murphy [2000].
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lifetime setting, we average over past reward, while in the discounted infinite lifetime
setting, we have already averaged over future reward in the definition of V7"

The sequence of policies 751 that maximise vy nfM is self-optimising whenever any
sequence of policies is self-optimising in M in the finite lifetime setting, and the policy
7éM s self-optimising whenever any policy is self-optimising in M in the discounted
infinite lifetime setting. Therefore, £ v/ is ‘as self-optimising as possible” [Hutter 2005,
Theorems 5.29, 5.34]. Furthermore, this is a non-trivial optimality condition: the
class of ergodic MDPs admits self-optimising policies (both for finite lifetime and for
discounted infinite lifetime whenever limy o ¢ 1/vx = 1).

2.6 Schmidhuber’s speed prior

Loosely speaking, the theory of Solomonoff induction starts with an incomputable
complexity measure, formalises Occam’s razor with respect to that complexity measure,
and results in a prior that is incomputable but good at prediction. We may therefore
wonder if we could start with the computable Kt complexity measure, formulate a
prior that rewards simplicity with respect to this measure, and get good results from
that. This line of reasoning is the inspiration for the definition of the speed prior.

To define the speed prior as it appears in Schmidhuber [2002]], we must first define
the FAST algorithm with respect to our reference monotone UTM U. For each i € N,
FAST performs PHASE i, whereby 2/~ P! instructions of all programs satisfying |p| < i
are executed as they would be on U, and the outputs are sequentially printed on
adjacent sections of the output tape, separated by blanks. If string x is computed by
program p in PHASE i, then we write p —; x. Note that p —; x iff |p| +logt(p, x) <,
showing the relation to Kt Complexityﬂ With this out of the way, we can now give the
definition.

Definition 2.18 (Schmidhuber’s speed prior).

oo .
SFast(x) = Z 2™ Z zflp\
=1 p

—iX

Note that Sg,q is a semimeasure.

Due to the properties of FAST, this prior penalises strings with high Kt complexity.
Two properties of Sgast make this clear. The first is that the prior probability with
respect to Sgast Of all strings incomputable within time f is at most 1/¢. The second is
more complex:

Theorem 2.19. Let x1.o, € B®. Suppose that p* € B* outputs x3., within at most f(n)

5In fact, this provides a way of calculating the Kt complexity of a string x to the nearest integer: simply
run FAST until the PHASE where x is first printed, and estimate Kt(x) by the number of that PHASE. There
is an upper bound on how long this takes, since for any x there is the “print x” program which has length
|x| + O(1) and takes time O(]x|) to print, meaning that it outputs x in PHASE |x| + log |x| + O(1).
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where p T} X1:n (respectively, p ﬁ X1:2) means that p computes x;., in PHASE
,<f(n i,>g(n

i within at most f(n) (respectively, at least g(n)) timesteps.

In other words, if some program computes x1., in time f(n), then the contribution
to Spast by programs that take much longer than f (1) goes to 0. In this thesis, we will
call any prior which satisfies these two properties a speed prior.

Furthermore, Sgast is computable: if we wish to compute Sgast(x) to within absolute
accuracy of 21 (that is, to get a result that is no more than 2~ less than the actual value
of Spast(x)), all we need do is perform the first i PHASEs of FAST, and add up all of the
contributions to Sg,s found in those PHASES.

Now that Sgast has been defined, this thesis investigates it and a different prior
with similar properties, aiming to determine whether they are efficiently computable,
whether they are successful at sequence prediction, and whether they can be used for
reinforcement learning.
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Chapter 3

The Other Speed Prior

3.1 Definition of Sk

In this section, we introduce a prior that penalises strings of high Kt complexity more di-
rectly. In analogy with the Solomonoff prior M(x) =¥, 27l = Yrox 2~ Km-cost(px)

where
lp| ifp—x

oo otherwise

Km-cost(p, x) := {

is the minimand of monotone Kolmogorov complexity, we define the Kt-cost of a
computation of a string x by program p as the minimand of Kt, that is,

Kt-cost(p, x) := |p| + log t(p, x)
(where if p /4 x, then t(p, x) := c0). We then define our speed prior as

Definition 3.1 (Our speed prior).

SKt(x) = Z szt—cost(p,x) — Z

p—x p—x t(p’ x)

This is also a semimeasure.

3.2 Comparable definitions

Definitions of Sgast and of Sk: have been given in different forms—the first in
terms of PHASESs of FAST, and the second in terms of Kt-cost. In this section, we show
that each can be rewritten in a form similar to the other’s definition, which should shed
light on the differences and similarities between the two. Our rewriting of Sgas is used
later to bound its computation time.

Proposition 3.2.
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The idea of the proof, and also of the proof of Proposition[3.3} is that if p —; x then
i~ |p| +1logt(p,x),s02-2-IPl ~ 2-2IPl /t(p, x).

Proof. First, we note that for each program p and string x, if p —; x, then for all j > 1,
p —j x. Now,

OO . .
Y2 i x2 W =2 x 27 x 27l
j=i

= fz—f Yy 27z fz—" Yy 27 (3.1)
i=1 i=1

p—ix p—ix

pAio1x

since all of the contributions to Sgast(x) from program p in phases j > i add up to twice
the contribution from p in PHASE i alone.
Next, suppose p —; x. Then, by the definition of FAST,

tp,x) <27« logt(p,x) <i—|p| & |p|+logt(px)<i

Also, if p /-1 x, then either |p| > i — 1, implying |p| + logt(p,x) > i—1, or
t(p,x) > 2i-17I7l, also implying |p| + log t(p, x) > i — 1. Therefore, if p —; x and
p #i-1 x, then

i—1<|p|+logt(p,x) <i

implying
— [pl —logt(p,x) =1 < —i < —[p| —logt(p, x) 3.2)

Subtracting |p| and exponentiating yields

-2
220l < p-i-lpl < 227
2t(p, x) t(p, %)
giving
o-i-lpl x 272!
t(p, x
Therefore,
o 2-2|p|
i 2—Ipl x
z; P;X p;x t(p/ x)
pFric1x
which, together with equation (3.1)), proves the proposition. O

Proposition 3.3.

Ski(x) 2 Y 27 (#{peB*:p =, xand p A1 x})
=

1
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Proof. Using equation (3.2), we have that if p —; x and p /4;_1 x, then

2—lpl-1 . 2=Ipl
<27 <
t(p, x) t(p, x)

SO
2-Ipl

t(p, x)

Summing over all programs p such that p —; x and p /4;_1 x, we have

,l‘><

‘ 2-Ipl
277 #{peB :p—ixand p A x}) = Z
p—ix, t(pr x)
pAri-1x
Then, summing over all phases i, we have
o o 2—1pl
27 #{peB :p—ixandp A x}) = )
=1 p—x t(p, x)

3.3 Sk:is aspeed prior

Although we have defined Sk;, we have not shown any results that indicate it deserves
to be called a speed prior. As explained in Section two key properties of Sgg justify
its description as a speed prior: firstly, that the cumulative prior probability measure
of all x incomputable in time ¢ is at most inversely proportional to ¢, and secondly, that
if 1.0 € B> and program p* € B* computes x;., within at most f(n) steps, then the
contribution to Sgast(¥1:1,) by programs that take time much longer than f (1) vanishes
as n — oo. In this subsection, we prove that both of these properties also hold for Sg;.

Proposition 3.4. Let C; be the set of strings x that are incomputable in time ¢ that
additionally satisfy the following property: for any proper prefix y C x, y is computable
in time t. By definition, all strings that are incomputable in time t have as a prefix an
element of C;, and C; is a prefix-free set (by construction). Furthermore, the probability
of all strings incomputable in time ¢ is simply the sum of the probabilities of all elements
of C;. Given this definition,

| =

Y Ske(x) <

x€eCy

Proof. Using the definition of Sk; and that t(p, x) > t for all x € C;, we calculate

Y S =3 )

xeCy x€C p—X

2=Ipl

1 _
IERERYP I

xeCy p—x

1
t

by the Kraft inequality, since the fact that C; is a prefix-free set guarantees that the set of
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programs that compute elements of C; is also prefix-free, due to our use of monotone
machines. 0

Theorem 3.5. Let x1., € B> be such that that there exists a program p* € B* which
outputs x1., in f(n) steps for all n € N. Let lim,_, f(1)/g(n) = 0. Then,

Zp—>xl:n 2_|p|/t(p’ xl:i’l)

lim =8) =0
11— 00 ZPT"M 2—\P|/t(p, xl:n)
<f(n

where p = (respectively, p —> x) means that program p computes string x in no
>t

more than (respectively, no less than t') steps.

Proof.
Zp>—)x1:n 2*|P|/t(p, xl:n)
lim =i
n—00 ZPT}xl:n 2*‘P|/t(p, xl:n)
—— 210
< lim —= (3.3)

~ n>oo zf\p“'l/f(n)

. f(n) Zp%xlz,,, 27|p‘

S Hm ) 2 34)
. f(n) 1

= M g(n) 27 (39)

=0

Equation comes from increasing 1/t(p, x1.,) to 1/¢(n) in the numerator, and
decreasing the denominator by throwing out all terms of the sum except that of p*,
which takes f(n) time to compute x1.,,. Equation takes f(n)/g(n) out of the
fraction, and increases the numerator by adding contributions from all programs that
compute x1.,. Equation (3.5) uses the Kraft inequality to bound ¥, . 2-IPl from
above by 1. Finally, we use the fact that lim,_, f(n)/g(n) = 0. O



Chapter 4

Prediction

4.1 Polynomial time estimable measures

In this section, we prove a performance bound on Sk;-based sequence prediction, when
predicting a sequence drawn from a measure that is estimable in polynomial time.
Since we were unable to prove a similar bound for Sg,g, this provides some weak
evidence that Sk; is better at prediction than Sgag.

For the purpose of this section, we write Sx; somewhat more explicitly as

2-Ipl
Ske(x) = —
= L i)
p—rx
and give some auxiliary definitions. Let (-)p- be a prefix-free coding of the strings
of finite length and (-)y be a prefix-free coding of the integers, where both of these

prefix-free codings are computable and decodable in polynomial time.

Definition 4.1. A function f : B* — Ris finitely computable if there is some prefix Turing
machine T that when given input (x)g- outputs (m)n(n)n, where f(x) = m/n. The
function f is finitely computable in polynomial time if it takes Ty at most p(|x|) timesteps
to halt on input x, where p is a polynomial.

Definition 4.2. Let f, g : B* — R. The function g is estimable in polynomial time by f if f
is finitely computable in polynomial time and f(x) = ¢(x). The function g is estimable
in polynomial time if it is estimable in polynomial time by some function f.

Note that if f is finitely computable in polynomial time, it is estimable in polynomial
time by itself. For a measure p, estimability in polynomial time captures our intuitive
notion of efficient computability: we only need to know p up to a constant factor for
all practical purposes, and we can find this out in polynomial time.

An example of a measure that is estimable in polynomial time is 11, which gives
probability 2/3 that the i bit will be the i digit of the binary expansion of the cir-
cle constant 77, and 1/3 otherwise. For instance, since 7 = 11.0010- - - in binary,
1-(11001) = (2/3)°, while p,(100110) = (2/3)* x (1/3)2. This is estimable in poly-
nomial time because we can calculate the i digit of 7 in polynomial time [Bailey et al|
1997], and it only takes polynomial time to multiply numbers.

25
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Key to our results, both in this chapter and in Chapter[5} will be that for measures
u estimable in polynomial time by semimeasures,

p(x)
(g(]x]) — O(1) log p(x))°0M)

Ski(x) s

and

X

w(x)?
(g(]x]) — O(1) log p(x))OM)

SFast<x) Z

Compare this to the simpler dominance relation for the Solomonoff prior, M(x) s p(x).

Theorem 4.3. If i is a measure that is estimable in polynomial time by some semimea-
sure v, and x is a sequence sampled from p, then the expected loss incurred by the
As,, predictor is bounded by

Lokt — L < 2D, + 21/ LD,

where D,, = O(log n)ﬂ

Since A, can incur at most O(n) loss in timesteps 1 to n, this means that Ag,, only
incurs at most O(y/nlogn) extra loss in expectation, although this bound is be much
tighter in more structured environments where A, makes few errors.

In order to prove this theorem, we use the following lemma:

Lemma 4.4. Let v be a semimeasure that is finitely computable in polynomial time.
There exists a Turing machine T, such that for all x € B*

v(x)= Y 27l (4.1)
psx
and
27Kmn () > y(x) /4 (4.2)

where Kmr, (x) is the length of the shortest program for x on TVEI

Note that there is a proof in Li and Vitanyi that there is some machine T, such that
(4.1) holds [Li and Vitanyi 2008, Theorem 4.5.2], but they do not prove (4.2), and we
wish to have insight into the operation of the machine in order to prove Theorem [4.3}

Proof of Lemma The machine T, is essentially a decoder of an algorithmic coding
scheme with respect to v. It uses the natural correspondence between B> and [0, 1],

1A similar bound that can be proved the same way is 4/ Ls,f‘“ — Lz\[j < v/2D,, for the same D,, [Hutter
2007, Equations 8, 5].

“Note that this lemma would be false if we were to let v be an arbitrary lower-semicomputable
semimeasure, since if v = M, this would imply that 2-X"(*) £ M(x), which was disproved in Gacs

[1983].
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associating a binary string x1xox3 - - - with the real number 0.x1x,x3 - - - . It determines
the location of the input sequence on this line, and then assigns certain intervals for
output strings, such that the width of the intervals for output string x is equal to v(x).
Then, if input string p lies inside the interval for the output string x, it outputs x.

T, first calculates v(0) and v(1), and sets [0, v(0)) as the output interval for 0 and
[v(0), v(0) 4+ v(1)) as the output interval for 1. It then reads the input, bit by bit. After
reading input p1.,, it constructs the inputinterval [0.p1p2 - - - pn, 0.p1p2 - - - pu111111 - - -),
which represents the interval that 0.p1p2 - - - pupuy1 - - - could lie in. It then checks if
this input interval is contained in one of the output intervals. If it is, then it prints
output appropriate for the interval, and if not, then it reads one more bit and repeats
the process.

Suppose the first output bit is a 1. Then, T, calculates v(10) and v(11), and
forms the new output intervals: [v(0), v(0) + v(10)) for outputting 0, and [v(0) +
v(10),v(0) + v(10) + v(11)) for outputting 1. It then reads more input bits until the
input interval lies within one of these new output intervals, and then outputs the
appropriate bit. The computation proceeds in this fashion.

Equation is satisfied, because Zp Ty, 217l is just the total length of all possible

input intervals that fit inside the output interval for x, which by construction is v(x).
To show that is satisfied, note that 27K (%) is the length of the largest input
interval for x. Now, input intervals are binary intervals (that is, their start points and
end points have a finite binary expansion), and for every interval I, there is some binary
interval contained in I with length > 1/4 that of I. Therefore, the output interval for x
contains some input interval with length at least 1/4 that of the length of the output
interval. Since the length of the output interval for x is just v(x), we can conclude that
2-Kmr, () > y(x) /4. O

Proof of Theorem Using Lemma we show a bound on Sg; that bounds its KL
divergence with p. We then apply Hutter’s unit loss bound [Hutter 2005, Theorem
3.48] (originally shown for the Solomonoff prior, but valid for any prior) to show the
desired result.

First, we reason about the running time of the shortest program that prints x
on T,. Since we would only calculate v(y0) and v(y1) for y C x, this amounts
to 2|x| calculations. Each calculation need only take polynomial time in the length
of its argument, because T, could just simulate the machine that takes input x and
returns the numerator and denominator of x, prefix-free coded, and it only takes
polynomial time to undo this prefix-free coding. Therefore, the calculations take at most
2|x|f(|x]) =: g(|x|), where f is a polynomial. We also, however, need to read all the bits
of the input, construct the input intervals, and compare them to the output intervals.
This takes time linear in the number of bits read, and for the shortest program that prints
x, this number of bits is (by definition) Kmr, (x). Since 2~ X" £ v(x), Kmr, (x) <
—log v(x) + O(1), and since v(x) = p(x), —log v(x) < —log u(x) + O(1). Therefore,
the total time taken is bounded above by g(|x|) — O(1) log p(x), where we absorb the
additive constants into g(|x|).
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This out of the way, we can calculate

2=Ipl
Ski(x) = s
Kt( ) ; t(u/ P,x)
p—rx
, 24l
= 2= 1(i}] s
z‘g\l ; t(T;, g, x)°M
qg—rx
X 2—|P\
> Z s
o tHT,, p,x)°M
T TP %)
> 2 —Kimr, (x)
~ (g(]x]) = O(1) log p(x))OM)
§ K (4.3)

(g(|x]) — O(1) log p(x))OM)

Now, Hutter’s unit loss bound tells us that

A
Lo — Lot < 2D, (k|| Sk) + 21/ Lo Dy (1] Sk (44)

where Dy, (1||Skt) := E, [In p(x1:) / Sk (¥1:1)] is the relative entropy. We can calculate
Dy, (u||Skt) using equation (4.3):

D (pf|Ske) = By

—
[
=]

=
—~
=
—
=
~
—

In ((g(n) — O(1) log (x1,))°"V) |

In(g(n) — O(1) log i(x1.4))]

u[8(1) = O(1) log p(x1.0)] (4.5)
g(”) + O(l)Hu(xlzn)>

H &
=

A TAX JAX
2 EE

where H,(x1.,) denotes the binary entropy of the random variable x;., with respect to
il

<In(g(n)+O(n))
= logn (4.6)

where (4.5) comes from Jensen'’s inequality. Equations (4.4) and together prove
the theorem. O

We therefore have a loss bound on the Sk;-based sequence predictor in environ-
ments that are estimable in polynomial time by a semimeasure. Furthermore:

Corollary 4.5.
Lni¥ < 2D, (u]|Skr) £ logn
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for deterministic measuresﬂ p computable in polynomial time, if correct predictions
incur no loss.

Compare to M-based prediction, which only incurs constant loss in this situation.
We should note that this method fails to prove similar bounds for Sgag, since we
instead get

2=2|p|
Skast(¥) = ) HU, p, %)
pihc
X u(x)?

- (g(|x]) —O(1) log p(x)) O (4.7)

which gives us

FL(xlzn) :|
Dy (1||Spast) = E, |In =22
(”H F St) H [ SFast(xlzn)

< O(logn) + Hu(x1:)

Since H,(x1.,;) can grow linearly in n (for example, take y to be A(x) = 271*, the
uniform measure), this can only prove a trivial linear loss bound.

One important application of Theorem [4.3]is to the 0-1 loss function. Then, it states
that a predictor that outputs the most likely successor bit according to Sk; only makes
logarithmically many errors in a deterministic environment computable in polynomial
time. In other words, Sk quickly learns the sequence it is predicting, making very few
errors.

4.2 Arbitrary measures

In this section, we generalise the prediction result above to measures of arbitrary time
complexity.

Definition 4.6. Let f,¢ : B* — R. The function g is estimable in h(n) time by f if f is
finitely computable in at most (1) time and f(x) = g(x).

Theorem 4.7. If 1 is a measure that is estimable in f(n) time by some semimeasure
v, and x is a sequence sampled from p, then the expected loss incurred by the Ag,,

predictor is bounded by
LKt — Lyt < 2D, + 24/ Lni Dy

where D,, < logn +log f(n).

Proof. Reviewing the operation of the machine T, as defined in Lemma we see
that in order to output x, we must calculate the value of v a total of 2|x| times, and

3That is, measures that give probability 1 to prefixes of one particular infinite sequence.
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that each time we calculate we need time |x|°(!) f(|x|), not just to calculate, but also
to prepare the output intervals for comparison. We still must read input of length
—log u(x) + O(1). Therefore,

u(x)
(|x]°® £(|x]) — O(1) log w(x))°OM)

Dy (ul[Ski) < InE, [#00) f(n) — O(1) log p(x1.1) |
tn (200 f(n) + O(1) Hy(x1))
In (n0<1> f(n)+ O(n))
log f(n) +logn

<
X
<

We then apply Hutter’s unit loss bound. ]

Note that this bound is trivial if f(n) is exponential, but if f(n) is 2°0"), we get a
bound that is o(n) (assuming A, makes o(n) expected errors).



Chapter 5

Time Complexity

We have proved that Sg,¢ is computable in Section However, no bounds are given
for the running time of the proposed algorithm. Given that the major advantage of
Srast-based prediction over M-based prediction is its computability, it is of interest
to determine the time required to compute Sg.st, and whether such a computation is
feasible or not. The same questions apply to Sk, to a greater extent because we have
not yet shown that Sg; is computable.

In this chapter, we show that an arbitrarily good approximation to Sgast(x) is
computable in time exponential in |x|, and an arbitrarily good approximation to Sk;(x)
is computable in time doubly-exponential in |x|. We do this by explicitly constructing
algorithms that perform PHASEs of FAST until enough contributions to Sg,st or Sk; are
found to constitute a sufficient proportion of the total.

We also show that no such approximation of Skx; can be computed in polynomial
time. We do this by contradiction: showing that if it were possible to do so, we would
be able to construct an ‘adversarial” sequence that was computable in polynomial time,
yet could not be predicted by our approximation of Sk;, a contradiction.

5.1 Upper bounds

5.1.1 Sgast

Theorem 5.1. For any ¢ > 0, there exists an approximation Sg_, of Sgast such that

|55t/ Skast — 1| < € and S%, () is computable in time exponential in |x|.

Proof. First, we note that in PHASE i of FAST, we try out 2! + - - - + 2/ = 2i*! program
prefixes p, and each prefix p gets 2/~ || steps. Therefore, the total number of steps in
PHASE iis 2! x 2171 4+ 22 x 2172 ... 4 2i x 2i~1 = {2i and the total number of steps
in the first k PHASEs is

k .
#steps = ) i2' = 2 (k—1) +2 (5.1)
i=1

Now, suppose we want to compute a sufficient approximation Sf_(x). If we
compute k phases of FAST and then add up all the contributions to Sg,st(x) found in

31
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those phases, the remaining contributions must add up to < ¥'%°, ;27" = 27, In order
for the contributions we have added up to contribute > 1 — ¢ of the total, it suffices to
use k such that

= s (5.2 ) 1] o

Now, we know that since the uniform measure A(x) = 2~ is computable in
polynomial time, we can substitute A into equation (4.7)) to obtain

22| 1

X
> = .
Stast(X) 2 (111000 4 1og(2M))00M — [x[O22R ©3)
Substituting equation (5.3) into equation (5.2), we get
221x[|x|0(1)
k <log (O(lx!) +1 = —loge+2|x|+ O(log |x|) (54)
So, substituting equation into equation (5.1)),
# steps < 27108t 2lx|+0Uog [x)+1 (150 ¢ 4 2|x| 4+ O(log |x]) — 1) +2
= 12200 (~ log e + 2[x] + Oflog x])) +O(1)
< 20(x)
Therefore, Sg_, is computable in exponential time. O

512 Sk

Theorem 5.2. For any ¢ > 0, there exists an approximation S%, of Sk; such that
|S%;/ Skt — 1] < e and S%,(x) is computable in time doubly-exponential in |x|.

Proof. We again use the general strategy of computing k PHASEs of FAST, and adding up
all the contributions to Sk;(x) we find. Once we have done this, the other contributions
come from computations with Kt-cost > k. Therefore, the programs making these
contributions either have a program of length > k, or take time > 2 (or both).

First, we bound the contribution C,. 5 to Sk;(x) by computations of time > 2k,
writing p = to mean p computes x in time > i

2-1pl 1 1
Cro < < — 2l < —
R T I Ve

>2k
Next, we bound the contribution by computations with programs of length |p| > k.
We note that since we are dealing with the monotone UTM, the worst case is that all
programs have length k 4 1, and the time taken is only k + 1 (since, by the definition



5.2 Sk is not efficiently computable 33

of monotone machines, we need at least enough time to read the input). Then, the
contribution from these programs is 2571 x (1/(k+1)) x 2751 = 1/(k + 1), meaning
that the total remaining contribution after k PHASEs is no more than 2% +1/(k+ 1) <
2/(k+1).

So, in order for our contributions to add up to > 1 — ¢ of the total, it suffices to use

k such that )
k= | —= 5.5
o) 59

Now, since A is estimable in polynomial time, we substitute it into equation (4.3) to
obtain

Skil(x) 2 Wll)?_” (5.6)
Substituting equation into equation (5.5), we get
(< QM2 -
So, substituting equation into equation (5.I), we finally obtain
4 steps < 200202 (O(Wog(l)zx')) +2< 227"
Therefore, 5%, is computable in doubly-exponential time.
O

5.2 Sk: is not efficiently computable

Theorem 5.3. For no ¢ > 0 does there exist an approximation S§, of Sk; such that
|S%;/ Skt — 1| < € and 5%,(x) is computable in time polynomial in |x|.

The proof of this theorem relies on the following lemma:

Lemma 5.4. If S§, is an approximation of Sk; as given in Theorem[5.3} then the bound
of Theorem [4.3|applies to S%,. That is,

Ace
Lupkt — Lyt < 2D, 421/ LD,
where D,, = O(logn).

Proof of Lemma From the definition of S%,, we have that 5§, > (1 — ¢)Sk;. Then,

D, (u||Sk:) :=E, [ln 5?(5?;1”3)] <E, [ln Siif?ylc:j)} —1In(1—¢) = logn

for u estimable in polynomial time by a semimeasure, where we use equation for
the final ‘equality’. Therefore, the bound of Theorem {4.3|applies. O
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Proof of Theorem[5.3) Suppose by way of contradiction that S§, were computable in
polynomial time. Then, the sequence x1.,, would also be computable in polynomial
time, where

1 if Sk (Olx1in—1) > Sk (1x1:-1)
! 0 if S5, (0]x1—1) < S% (1|x1:0_1)

X1.00 1S therefore an adversarial sequence against S¢,: it predicts whichever symbol S%,
thinks less likely, and breaks ties with 1.

Now, consider an Sg,-based predictor AS?« that minimises 0-1 loss—that is, one
that predicts the more likely continuation according to S%,. Further, suppose this
predictor breaks ties with 0. Since the loss bound of Theorem [4.3|applies independently
of tie-breaking method, Lemma 5.4|tells us that Ag. must make only logarithmically
many errors when predicting x1.... However, by design, Ag errs every time when
predicting x1... This is a contradiction, showing that S§, cannot be computable in
polynomial time. O

Note that the same proof shows that S¢, cannot be computable in time 20(%), using
the result on loss bounds for general measures proved in Section Unfortunately,
we cannot use this proof technique to show lower bounds on the computation time of
Stasr Since we have no non-trivial predictive results for Sgas;. However, it does show
that if Sgas is computable in polynomial time, then it cannot predict all sequences

computable in polynomial time.

5.3 Predicting f(n)-computable sequences

In this section, we bound the time taken to compute Sg; and Sga.st along a sequence
computable in f(n) time: that is, if the prefixes x1.;, of x1..0 € B are computable
in time f(n) for all n, we bound the time of computing S(x1.,0) and S(xy.,1) for

S € {S%t/ S%ast}'

Theorem 5.5. If x1.o, is computable in time f (1), then Sg_,(x1:,0) and St (x1:41) are

Fast
computable in time O(n*f(n)), where S, is the approximation of Sgast of Theorem
G

Proof. Suppose some program p* prints x1. in time f(n). Then,

2-2p%|
SFast(xlzn) >

— )

Substituting this into equation (5.2), we learn that we can compute S;, (x1.,), by
computing FAST for k PHASEs where

k< [tog(2I7lf(m) /o)
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Substituting this into equation (5.1) gives

# steps < 21°g(22|px‘f(”)/‘9)(log(22|px|f(n)/£) —-1)+2
= O(f(n))

Therefore, we only require O(f(n)) many steps of the FAST algorithm to compute
St .t (x1:1). To prove that it only takes O(n*f(n)) steps to compute S§, ., (x1.,b) for any
b € B requires some more careful analysis.

Let (n) be a prefix-free coding of the natural numbers in 2logn bits. Then, if
b € B, then there is some program prefix p’ such that p’(n)q runs program g until
it prints n symbols on the output tape, after which it stops running g, prints b, and
then halts. In addition to running q (possibly slowed down by a constant factor), it
must run some sort of timer to count down to n. This involves reading and writing
the integers 1 to 1, which takes O(n log 1) time. Therefore, p”(n)p* prints x1.,b in time
O(f(n)) + O(nlogn), so

2—2[p"(n)p*|
O(f(n)) 4+ O(nlogn)
1 1
~ O(f(n)) + O(nlogn) n422lp"I+2lp*|
1

~ O(n*f(n))

since, because f(n) > n, n*f(n) > nlogn. Using equations and therefore
gives that we only need O(n*f(n)) timesteps to compute Sg. ., (X1.4D). O

SFast(xlznb) 2

Theorem 5.6. If x1.,, is computable in time f(n), then S§,(x1.,0) and S, (x1.41) are
computable in time 20(*f(1) where S%; is the approximation of Sg; of Theorem

Proof. The proof is almost identical to the proof of Theorem supposing that p*
prints x1., in time f(n), we have

Skt(X1:n) =
The difference is that we substitute this into equation (5.5), getting
k< 2P f () e
and substitution into equation now gives

# steps < 227t f(m)/e (2|Px|+1f(n)/£ — 1) +2
_ 20(()

The other difference is that because we only penalise the length of the program, instead
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of twice the length of the program,

2y > 2P (m)p*|
0128 2 (7)) + Ol log )
1 1
~ O(f(n)) + O(nlogn) n22P'1+2Ip"|
1
~ O(n?f(n))

Therefore, we can compute S%,(x1:4,0) and S%,(x1:41) in time 20(n*f(n))



Chapter 6

Reinforcement Learning

We can adapt Sk; (the only speed prior that we were able to prove good predictive
results for) into a chronological conditional semimeasure for use in reinforcement
learning, writing

2—Ipl
S(e1t]|a1:00) = tH(p, a14), e1.4)
(el ) p: (P,a;t)—wm t((Pralit)'elit)

where t((p,a1.t),e1.+) denotes the number of timesteps it takes for the mixed-input
UTM U to print ey given input (p, a1.¢).

However, we focus on a generalisation of the speed environment. We note that all
the predictive results of Sk; came from the relation

Wy

8u(x])

Ske(x) > u(x) (6.1)
where u was an environment of interest, and g, was a monotonically increasing,
superlinear, and subexponential functiorﬂ Also, measures like this are known to
converge to the true distribution if g, (|x|) < exp(v/n/logn) [Ryabko and Hutter
2007], in the sense that the conditional probabilities converge to the true conditional
probabilities ‘on average’. We therefore consider the speed mixture over a class M of
chronological conditional measures:

Definition 6.1 (Speed mixture).

Wy

Sm (31:t| ‘alioo) = Z

vier||a1:00
=, gv<t) (1-tH 1: )

where Y, c vy wy < 1.

Note that this is not strictly true: we instead had that Sg;(x) > w,u(x)/ (g, (|x|) — O(1) log p(x))°OM)
as shown in (@.3). However, the —O(1) log p(x) term was less than O(1)|x| in expectation, so would
have sufficed to show these results. Additionally, if i is estimable in polynomial time by v, then the
denominator of the fraction v must be able to be printed in polynomial time. Since the number of the
digits of the denominator is bounded by —2log v(x), which must be bounded by a polynomial in |x|, and
since log p(x) <logv(x) 4+ O(1), —O(1) log u(x) can be deterministically bounded by a polynomial in
x|, showing that can be rewritten as (6.1).

37
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We also consider the speed mixture agent 7751 that maximises expected reward
sum, where the expectation is with respect to S 4.

6.1 Self-optimisingness

We might wish that the generalisation of AIXI, our agent M ig self-optimising. In
this section, we show that under certain conditions, the policy 771 (which we call the
speed mixture agent) is self-optimising in every environment in M.

6.1.1 Finite lifetime case

We consider the sequence of policies 71,151M form = 1,2,3,... that maximise anf/‘/‘
respectively. Our main result is that this sequence is self-optimising in M if there is
any sequence of policies that is exponentially quickly self-optimising in M, and if M
is sufficiently nice (in a sense that will be explained in the theorem). Recall that as
in Definition we will be considering the agent’s behaviour as m — co. In other
words, we will not be looking at the behaviour of a single agent as time goes to infinity,
but rather at the behaviour of a family of agents as their lifetime goes to infinity. Before
proving this, we first state and prove some useful lemmas. These lemmas and their
proofs are actually identical to those in [Hutter 2005, Chapter 5.4] with the replacement
Wy — Wy /gv(m), but we give their proofs here for clarity and completeness.

Our first lemma shows that the value obtained by policy 77 in the speed mixture
environment is a linear combination of the value it obtains in all environments in M.

Lemma 6.2 (Linearity of value (finite lifetime)).

Wy

V”SM — \V&ad
1m S gv(m) 1m
Proof.
VlﬂnfM = 2(7’1 + - rm)SM (el:mHal:m)
€l:m
Y it trm) ¥ = v(ermlarm)
= 1 N 1: 1:
€1:m " veM gv(m) " "
Wy
= (7’1—|—~--—|—1’ )V(€1: Hat )
vg/\/l gv(m) ﬁZm " " "
— Wy v
V% gv(m)
where the action sequence 4 is generated by the policy 7. O

Next, we show a technical lemma that lets us bound the difference in value of
the speed mixture agent and the optimal agent in some environment in terms of the
difference of values of some other agent and the optimal agent in each environment of

M.
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Lemma 6.3 (Value difference relation (finite lifetime)). For any policy 7, let

VY v = A ()

1m 1m
Then,
M m w
Vlnr;';V - anyZ Y = g;{() ) (;’)l/l) P(ﬂ)
V. peM gp
Proof.

Wo b Wp  mMp
V. — z V.
peEM gp(m) 1" > <p€M p(m) 1" )

S
) ( i Vﬁ’ff) Vi (62)

PEM gp(m)
w p
S P V7Tmp o V”SM (63)
pEM gp(m> tm ) tm
_ wP Wﬁ,p 0
_ Ve _y (6.4)
pg\’/l gp(m> ( 1m 1m)
Wp
= A, (7
A 5ol )

where (6.2)) and (6.4) use Lemma and (6.3) uses the optimality of 7™ in Syy. O

Theorem 6.4 (Self-optimising theorem for finite lifetime). Let 71, be a sequence of
policies, and define

1/ m ,
P (Vf;;v — Vi ) =: 6,(m)
Suppose that for every u, v € M, g,(m)s,(m) is bounded by some constant that
depends on u but not on v or m, and that g,,(m)d,(m) — 0 (which implies that for all

v e M, b,(m) — 0). Then, in every environment u € M,

lim — <v"r‘fl“ - V”’iM“> =0

m—so0 M 1m 1m

Note that the condition that g, ()5, (m) is bounded by a constant independent
of v and m is rather restrictive in infinite environment classes. If the functions g,, are
polynomial, it requires that the functions 6, are all exponentially (or superpolynomially)
decaying with bounded multiplicative constants. This condition would be violated if,
for example, (indexing our environments with natural numbers) é,, (m) = nexp(—m)
or &y, (m) = exp(—m) + nexp(—2m).
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Proof. Using Lemmal6.3] where A, (7,,) = mé,(m), we have

1 H SA/[ g (Tf’l) w-v
= V”m“_Vﬂm IJ> < H 5 (m
(Vi) < B g e

< 1 Y, wygu(m)s,(m)

Wy vem

Now, g, (m) is subexponential, meaning that for all v, g, (m)é,(m) — 0as m — oo.
Since g, (m)&,(m) is bounded by a constant independent of v or 1, we may use a result
on the convergence of averages to show that Y, ¢y wvgyu(m)8,(m) — 0 [Hutter 2005,
Lemma 5.28 (ii)], since Y., s wy < 1. This proves the theorem. O

6.1.2 Infinite lifetime case

We next consider the undiscounted infinite lifetime case, where at timestep k agents
only consider rewards received up to timestep n;. Therefore, we define the policy 7}
as that which maximises V", the v-expected reward sum between timesteps k and
my.

In the infinite lifetime case, the desirable property of being self-optimising is that

s
1 mMu koo 1 o

mp —k—+1 Jery mk—k—|—1 Jer

Although this is similar to the definition for finite lifetimes, there are crucial differences:
tirstly, we are genuinely talking about the behaviour of a single agent as it goes through
time, rather than that of a family of agents as one of their parameters increases, and
secondly, we are not talking about the average value that the agent actually receives,
but rather the average value that it plans to receive (despite the fact that the agent may
very well change its plan later in order to receive large rewards at time my + 1, for
example).

We will show that our agent is self-optimising in environment classes that admit
self-optimising policies, but first, we show some preliminary lemmas of the same
flavour as in Subsection

Lemma 6.5 (Linearity of value (infinite lifetime)). For all policies 7,

k
V7rSM _ Z wy, (2%

k
kmy = gv(mk) s

where

ko v(eck|lack)

v=Wve—F7 17
Sm(e<k|lack)

Proof.

Vl:rnf,:M = Z Rk:mkSM (ek:mk’e<k||a1:mk)
ek:mk
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1
= S oy & RemSai(erm|lar
Sraecillay) o RSt (€rmla1)

1 o
= " Rk ‘Vel al
Sartealin & Rom B o Gy (Comllain)
1 wv

= Ry....,. v(ex e a- vie a
SM(e<kHa<k) Vg\’/l gv(mk) Z ke (k.mk‘ <kH 1.mk) ( <kH <k>

Ek:mk

_ Z wy  viex|lack)

vt 8v(mi) Sp(e<kl|ack) Y Ry, V(Chm, e <kl la1:m,)

ek:mk
k
— wV v
o km
veM 8v (mk) k

where all actions are generated by 7, and Ry, is an abbreviation for r + - - - +ry,. O

Lemma 6.6 (Value difference relation (infinite lifetime)). For any sequence of policies

7, let
Vi, — Vi, = Av(m)
Then,
S wk
Vﬂkv_vnk VS gy(mk) P A (7-[k)
T e
Proof.
k S k
wy, v My wy, < o - p)
Vi —VE < VP _ 7%
gv(mk)( e~ Vi, ) = p;\/l gp(my) \ e "o
k S
w P Mg
- ( m >Vilif) Vi 65)
pem 8o\ Mk
k
w o oS
< LVl | — VoM (6.6)
(pGM 8p(my) kmk) g
k
Wo ( e mp)
= Vi, — V) 6.7
k
w
- Z P Ap(7m)
peEM gp(mk)

where and use Lemma and uses the optimality of 7™ in Spy. [

Theorem 6.7 (Self-optimising theorem for infinite lifetime). Suppose that there exists a
sequence of policies 71 such that for all v € M,

1 'y VY _
e — k1 (Vkmk - Vkmk> = ov(K)



42 Reinforcement Learning

where for all v,p € M, é,(k) — 0 with v-probability 1, gp(k)év(k)l/2 < ¢, and
gp(mi) 8y (k)14 < ¢!, where ¢, and c/, are constants depending only on v. Then for all
peM,

n SMm
klgg() mk—1k+1 <V,:’;lf - V,:Tnqu K ) = 0 with p-probability 1

The conditions of this theorem are similar to that of Theorem One impor-
tant difference is that there, we required that g,0, was bounded by a constant only
depending on p, while in this theorem, we replace 9, by 6$/ 2 and demand that the
product be bounded by a constant only depending on v. This rules out (for instance) 6,
being exponentially decaying and the functions g, being polynomials of unbounded
degree, or even of bounded degree but unbounded constants. We also have a condition
on my, which would be satisfied if (for instance) the functions é, are exponentially
decaying, the functions g, are polynomials, and m is polynomial in k. This is not
such a severe restriction: my — k + 1 is analogous to the effective horizon in the context
of discountingﬂ and discounting schemes typically have effective horizons that only
grow polynomially: in fact, the most commonly used discounting scheme, geometric
discountinéﬂ has a constant effective horizon. Table 6.1/ has a summary of discount
schemes and their effective horizons.

Discount scheme Discount factor Effective horizon
Geometric % [—log2/logvy]
Power k=1=F, >0 O(k)
Near-harmonic ~ k~'(Ink)~17%,3>0 k2"

Table 6.1: Discount schemes and their effective horizons

Proof. Similarly to our proof of Theorem we use Lemma where A, () =
5v(k)/(my —k + 1) to write

1 Au M) _ 8u(i) wh
- _ <
it (Vi) < o Yy
Su(my) k
< TIL VEZ/‘,M wy, 6y (k) (6.8)

Next, we convert this to an equivalent expression for the Bayesian mixture over
our class & p(e<k|lack) = Yyvem wvv(e<k||lak), at which point we will be able to use a
slightly different proof of self-optimisingness of these mixture agents to our advantage.
Now,

2The effective horizon Jy is the first timestep such that Tetn, < Ti/2: that is, it measures the time
after which half the possible discount-weighted reward available after time k is no longer available, and
roughly tracks how farsighted the agent is.

5This is the only type mentioned in the classic reference on reinforcement learning, Sutton and Barto
[1998], or the standard introduction to artificial intelligence, |[Russell and Norvig [2009].
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~1
wl;‘sv(k) = wvv(e<k|‘a<k> ( Z,A/i gp(lzcvp_l)‘sv(k)lp(e<kua<k)>

-1
< wyv(e«k||lack) ( Z wp‘SV(k)1/2Cvlp(€<k”“<k))
pEM

= ¢, 2868, (k)'/?
where 2 = w,v(etllack)/Em(ek|lack).
Next, we note that by assumption

u(mie) 5y (k)12 < ¢, 5, (k)M
and that

1 Z wy  viek|lacx)
w5 8v(k—1) nleck|lack)
< Z wvv<e<kH“<k)

veM “(6<k||a<k)

1

Sk
Zu

Therefore,

/
$ulme) ¥ s (k) < S5 Y ek, ()4
Wi vem Zi veM

(6.9)

Using the self-optimising result for Bayesian mixtures shown in Hutter [2005, Theorem
5.34], we have that the right hand side of goes to 0, since &, (k) is bounded above
by 1, the maximum reward. Therefore, and together give us our desired

result.

O]
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Chapter 7

Conclusion

7.1 Summary of thesis

In this thesis, we have defined the speed prior Sk;, and showed that it is able to
predict efficiently computable sequences with few errors. Unfortunately, we were only
able to bound the computation time by 22" (although this bound was reduced to
217" for sequences that are computable in polynomial time), and proved that Sk; is
not computable in sub-exponential time. Although we were not able to prove any
prediction results for Schmidhuber’s speed prior Sg.s, we showed time complexity
bounds for it that were exponentially better than those for Sx;. We also showed that in
certain cases, a variant of Sk; was self-optimising in the reinforcement learning setting.

7.2 Outlook

Unsurprisingly, there are many avenues of future research left to explore. First of all,
although we were unable to show any positive prediction results about Sg.st, we were
also unable to show that it fails at prediction where Sk; succeeds. It would therefore be
of interest to show any prediction results about Sg,st, positive or negative.

Secondly, there is an exponential gap between our time complexity lower bounds
and upper bounds for Sk;. It would therefore be of interest to know whether doubly-
exponential time is required to compute Sk; in the worst case, or whether it could be
computed in (comparatively) merely exponential time. It would similarly be of interest
to know whether Sg,st is computable in polynomial time (although an argument similar
to the proof of Theorem establishes that this cannot be true if Sg,g successfully
predicts all polynomial-time computable sequences).

Another area of further research is in the RL domain. The self-optimising results
we have shown here have had strong conditions on the environment class and the rate
of self-optimisingness that we require for some other policy in the class, limiting their
application. There is therefore room to weaken these conditions and see if the results
still hold. It would also be worth knowing if there are in fact any environment classes
that fit the conditions of Theorems|6.4/and or whether these theorems are in fact
vacuous.

It would also be desirable to prove results about the discounted infinite lifetime case,
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since this is the case normally considered in reinforcement learning. Unfortunately,
since the functions g, increase to infinity and are bounded below by 1,

1

V’:;/SM - lTk %%%(Ykrk ot 7/mrm)S/\/l(ek:m|e<k’|al:m)
1 v
— i ‘ _
L Mo MULS SRR TN CEIE D
< 1 lim Wy

= 0, independently of 7.

We must therefore use a different value function in this case, in order for it to tell the
difference between policies.

Indeed, the definitions of value that we have been using are unsatisfactory for
semimeasures, because semimeasures take into account the possibility of the ‘end of
the world”: p(eyxl|arm) — Xe, ., (e1:x€k11/|a1.m) can be thought of as the probability of
the environment ending after outputting e;x. The environment might have positive
probability of percept sequences that give high reward before simply ending with-
out continuation, and the probability of these sequences is not accounted for in the
definitions we have been using.

A more satisfactory recursive definition of the upcoming value at time k is given by
[Leike and Hutter 2015b]:

m
A Z Zf’tﬂ(ek:t|e<k”a1:t) (7.1)

t=k €k

where for all t > k, a; = m(ae<). This expression takes into account reward that
comes from environments that ‘end early’, counting the probability of rewards as they
come. Note that this can be easily extended to the discounted case, and that when p
is a measure, W' = V. Although we were unable to prove any results using this
definition, we feel that results that did use it would be more satisfactory.

Finally, our prior is closely related to the prior 4, defined inVovk [1989], which
predicts so-called ‘(«, v)-computable’ sequences. If @ and y are functions N — N, then
a measure Vv is said to be («, y)-simple if there exists some ‘program’ 7 € B> such
that the UTM with input x outputs v(x) in time < y(|x|) by reading only «(|x|) bits of
mr¥. Vovk proves that if « is logarithmic and y is polynomial, and if both « and y are
computable in polynomial time, then there exists a measure L4, which is computable
in polynomial time that predicts sequences drawn from («, y)-simple measures.

Skt and [iq,, are similar in spirit: both attempt to predict sequences sampled from
an efficiently computable measure. It would therefore be interesting to determine
whether Sg; or Sg,g is able to predict («, y)-simple measures, and to compare other
properties of 1, ) and the speed priors.



Appendix A

List of Notation

Symbol Meaning
= defined to be equal to
~ approximately equal to (informal)
#A cardinality of set A
[x] ceiling of x € R: smallest integer > x
| x| floor of x € R: largest integer < x
i,k,nt,m natural numbers
N set of natural numbers excluding 0
Z set of integers
R set of real numbers
B binary alphabet {0, 1}
AE finite alphabets
X generic finite alphabet
X" set of strings in X" of length n
X set of finite strings in X’
X set of infinite strings in X’
XY, 0.9 strings of finite length
€ empty string
| x| length of string x
xy concatenation of strings x and y
Xp n'" symbol of string x
Xien = XX - Xy if m < n, € otherwise
X<n = Xlin-1
X100 infinite string
xCy string x is a prefix of string y, including the case
r=Y
xXCy string x is a proper prefix of string y, where x # y
() prefix-free coding
f.8 functions
argmax, f(x, y) some x such that f(x, y) is maximised
argmin, f(x,y) some x such that f(x, y) is minimised

(continued on next page)
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List of Notation

(continued from previous page)

Symbol

Meaning

f(n) = 0(g(n))

-
[1x
oq

Kmr(x)
KtT(x)

K(x)

Km(x)

Kt(x)
Km-cost(p, x)
Kt-cost(p, x)
M

SFust

Skt
P
P5

for some constant ¢ > 0 and ng € N, for all n > ny,
f(n) < cg(n)

there exists g (1) = O(g1(n)), g(n) = O(ga(n)),
...,such thata < f(g}(n),g5(n),...)

limy o0 f (1) /8(1)

f(n) =0(g(n)) when f,g: N =+ R

f(x) < cg(x) for some constant ¢ > 0 when f, g :
B* - R

f<gandg<f

logarithm base 2

logarithm base e

small positive real number

Turing machine (either monotone or mixed-input)
universal Turing machine

program p computes x on monotone machine T
in < t steps, where omitting the < t removes that
restriction, and omitting T means that T = U
program pair (p,q) computes x on mixed-input
machine T

program p computes x in phase i of FAST

number of steps taken for program p to compute x
on machine T, where omitting T means that T = U
length of shortest program that prints x on prefix
machine T

length of shortest program that prints x on mono-
tone machine T

min,{|p| +logt(T,p,x) : p L x, and T takes
t(T, p, x) steps to print x on input p}

= Ku (x )

= Kmy(x)

= Kfu (x )

= |p| if p — x, otherwise co—minimand of Km
= |p| + log t(p, x)—minimand of Kt
Solomonoff’s universal semimeasure

the speed prior, as originally defined by Schmid-
huber

our speed prior

some semimeasure, or sometimes measure

an estimate of predictive measure P with relative
accuracy ¢, |P°/P—1]| <¢

(continued on next page)
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(continued from previous page)

Symbol Meaning

v,p some semimeasure, or sometimes measure
U the true environmental measure

A the uniform measure A(x) := 2~

M countable set of semimeasures

EMm Bayesian mixture over environmental class M
E expectation value w.r.t. the distribution p

H, (x1:1) binary entropy of the random variable x., with
respect to u: Hy(x1.,) = E,[log p(x1.)]
Dy, (ullp) relative entropy of p w.rt. the true distribu-

tion pu over the first n symbols: D, (ul||lp) :=
By In(u(xin)/p(x1:0))]

0(xt, yt) loss incurred when predicting y; and the next sym-
bol is x;

A some way of predicting sequences

Ly, v-expected cumulative loss in steps 1 through n of
predictor A

Ap predictor with minimal p-expected loss

et 1= AkCAk 1€k 41 * - C Atly

U apolicy, m: (Ax &) = A

T, optimal policy in environment v with lifetime m

une optimal policy in environment v at time k

|14 expected total reward received between

timesteps k and m, V[’ = Y, (rx+---+
*m)V(exmle<k||a1x) where a; = m(ae<y) fort > k
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